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QUESTION 1
(a) Consider the Hilbert space C4. Do the four vectors
v1 =
1
2

1
1
1
1
 , v2 = 12

1
−i
−1
i
 , v3 = 12

1
−1
1
−1
 , v4 = 12

1
i
−1
−i

form an orthonormal basis in the Hilbert space C4? Prove or disprove. (5)
(b) Can the vectors v1, v2, v3, v4 be written as Kronecker products of vectors in C2? Prove or disprove. (5)
(10)
QUESTION 2
(a) Consider the matrix
U =
 i/√2 0 i/√20 1 0
i/
√
2 0 −i/√2
 .
Is the matrix unitary? Prove or disprove. (2)
(b) Find the eigenvalues and normalized eigenvectors of U . Use this information to write down the spectral
decomposition of U . (3)
(c) Find a skew-hermitian matrix K such that U = exp(K). One can utilize the results from (b). (3)
(d) Apply the unitary matrix U to the normalized state
|ψ〉 = 1√
3
 11
1
 .
Find the state U |ψ〉 and calculate the probability |〈ψ|U |ψ〉|2. (2)
(10)
QUESTION 3
Consider the permutation matrix
P =
 0 1 00 0 1
1 0 0
 .
(a) Do the matrices P , P 2, P 3 form a group under matrix multiplication? If so is the group commutative? (4)
(b) Is the matrix
Π =
1
3
(P + P 2 + P 3)
a projection matrix? (3)
(c) Find the eigenvalues of Π by looking at the properties of Π, i.e. trace, determinant, rank, hermitian etc. (3)
(10)
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QUESTION 4
(a) Consider the three 3× 3 matrices
ρ1 =
 1/2 0 00 1/2 0
0 0 0
 , ρ2 = 13
 1 1 11 1 1
1 1 1
 , ρ3 = 13
 1 0 00 1 0
0 0 1
 .
Which of these matrices are density matrices? (5)
(b) For the density matrices found in (a) determine whether they represent a pure state or a mixed state. If it
is a pure state find the state |ψ〉 in the Hilbert space C3 such that ρ = |ψ〉〈ψ|. (5)
(10)
END OF QUESTION PAPER
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